We are interested in the emission characteristics of an atom interacting with the polaritonic excitations of a semiconductor or insulator embedded in a one-mode cavity. Since polaritons inside of the cavity exhibit intrinsic squeezing, we discuss how the squeezed polariton ground state modifies the atomic emission and how an indirect evidence of polariton squeezing outside of he cavity may be obtained.
Polaritons are mixed photon-excitations (exciton or phonon) states, which exist in dielectrics and semiconductors 1 . As it is well known, the ground state of the polaritons is a squeezed state and the magnitude of its squeezing depends on the characteristics of the material [2] [3] [4] [5] . There is recent interest in engineering the ground state of composite systems consisting of impurities embedded in semiconductors or dielectrics 6 . An atom or an impurity embedded in a polaritonic host medium, offers an interesting example of such an engineering process. The choice of the host material is relevant, because it has been shown that the magnitude of the squeezing of the polariton ground state varies with the choice of the polaritonic material 3 . This characteristic allows optimizing the choice of the host medium in function of the properties of its polaritonic ground state. We expect several characteristics of the radiation field emitted by the composite system to change depending on the magnitude of the ground state squeezing. In particular, the changes in the emission characteristics of such a composite system may allow for indirect evidence of the polariton squeezing outside the medium. In order to investigate this point one has to choose a configuration of the polaritonic medium, which allows observing the polaritonic characteristics in the emitted radiation field. In a large polaritonic bulk medium, intrinsic squeezing is present 3 . However, a direct observation of polaritons in the emission from such a system is not possible because the translational symmetry of the medium is broken at the boundaries and the different polariton states mix together. The situation changes when considering lower dimensional systems. In a twodimensional medium like a quantum well, emission from polaritons can be observed directly in the longitudinal direction 7 while the polariton dispersion becomes directly accessible when the quantum well is embedded in a microcavity 8, 9 . However, as it is well known 10 , intrinsic polariton squeezing is elusive. It doesn't exist outside the medium as a consequence of energy conservation. At most, one can ask whether an indirect evidence of the intrinsic polariton squeezing outside the polaritonic medium may be found. In this note, we propose a configuration in which indirect evidence of intrinsic polariton squeezing may be detected. We consider a system consisting of a microcavity containing a polaritonic medium in which an impurity has been embedded. If the impurity is prepared in an excited state, its emission inside the cavity gives rise to polaritons and the quantities characterizing the radiation field in the system contain information both on the impurity and on the polaritons. At this stage, our model consists of a two-level atom embedded in a single mode semiconductor microcavity. The interaction between the two-level system and the cavity mode is described using the Jaynes-Cummings model 11 while the polaritons follow from the well-known Hopfield Hamiltonian 1, 2 . Within this model, we first show by perturbation theory that the spontaneous relaxation rate of the excited atomic state is modified by the presence of the polariton vacuum due to its fraction of photons. In a second step the dynamics of the above system is discussed in the framework of a master equation approach. In the stationary regime and without applying an external field, a small occupation is found in the excited state, which we call level . By the term occupation, we express the fact that there is a probability different from zero to find the atom in the excited state. This occupation appears as a consequence of the interaction of the ground state photon field with the embedded atom. Detecting the presence of this small occupation, would allow us to give an indirect evidence of polariton squeezing. In order to probe the occupation of the excited state, we need to introduce a third atomic level called level in the following, and to study the transitions induced by an external pump between the levels and When the level is empty, we don't expect to observe any absorption in the transition , while absorption should be present when the level has some degree of occupation. Therefore, in the following we introduce a three-level model, in which the levels and are coupled to a new cavity mode chosen such that its direct interaction with the polaritonic medium is negligible and as well as to an external pump field. We notice, that in this configuration, the emission from the transition inside the microcavity is proportional to the one outside the cavity. The theoretical model reflecting the considerations outlined above consists of the following elements: We first introduce the Hamiltonian describing the polaritonic system in a one-mode cavity, which is the usual phonon-or exciton-mode coupling Hamiltonian 1 , expressed for one mode k
The operators are the photon and excitation creation and annihilation operators respectively. We express the coupling constants appearing in (1) in terms of the material parameters as follows:
. Here is the dielectric constant at infinity, are the exciton and the photon dispersion respectively and is the linear response constant of the medium. All quantities are normalized with the excitation frequency at k = 0 which we denote by . The Hamiltonian is then diagonalized, and in the polariton picture reads . The Hamiltonian (1) has been simplified by assuming before diagonalization. The quantities appearing in (2) are the eigen-frequencies of the photon and exciton polaritons respectively. The explicit expressions of the coefficients W, X, Y, Z appearing in (2b) and (2c) are found in the papers 2, 3 . These coefficients as well as the polariton frequencies, depend on the characteristics of the polaritonic medium. As discussed in 3 , the unitary transformation leading from (1) to the diagonalized form of the polariton Hamiltonian (2) is a product of two phase-and squeezing transformations. Therefore, the ground state of the polaritons is a squeezed state. For later use, we remember that it in term of polaritons operators, the photon operator takes the form 2, 3 The characteristics of the polariton ground state have been discussed in detail in the literature 10 . In particular, we remember that the photon content of the polaritonic ground state is different from zero and is expressed as This quantity plays an important role in the following. When embedding an atom in a polaritonic system, we expect that the squeezing of the polariton ground state may influence the interaction between the polaritons and the atom. In order to investigate this point, we first consider a two-level atom and in consequence add to (1) the Jaynes-Cummings Hamiltonian
In (5), is the frequency difference between the atomic states and the operators describe the transition between the two atomic levels. The coupling constant g in (5) is the dipole coupling constant. As it is well known, the Hamiltonian (5) is valid when the condition is satisfied. The photon operators are expressed through the polariton operators as shown in (3). A first indication on the effects of polariton squeezing on the behavior of the two-level atom is obtained within first order perturbation theory. In fact, in this approximation we can show how the presence of a squeezed polariton ground state modifies the transition probability and thus the relaxation rate of the two-level atom. To this end, we consider the resonant case characterized by the choice in (1), and calculate the transition probability at resonance between the squeezed ground state of the polaritons with the atom in the excited state, and the superposition final state , where the atom is in the ground state and one excitation-or one photon-polariton respectively is present. We obtain The effect of the squeezed polariton vacuum is manifest in (6) through the renormalization of the dipole coupling g as a function of the intrinsic photon content of the polariton ground state. Furthermore, since the coefficients W, X, Y, Z, are functions of the material variables , the modified transition probability (6) depends on the choice of the polaritonic medium. Notice that in absence of squeezing i.e. for the transition probability becomes equal to g 2 /2 independently of the choice of the polaritonic material. The value g 2 /2 of the transition probability in absence of squeezing is a consequence of the final state consisting in the normalized superposition of non-squeezed polariton states and as a matter of fact it expresses the transition probability for an atom coupled to two cavity modes. In Fig. 1 we present the transition probability (6) calculated for different materials supporting exciton-or phonon-polaritons, which are: CuCl, PbI 2 , CdSe, GaSe, ZnSe (exciton polaritons) and, CdSe, GaP (phonon polaritons). Notice that for an isolated atom, the transition probability between the initial state and the final state is proportional to . Therefore, the quantity in (6), presented in Fig. 1 , represents the ratio between the polariton influenced transition probability and the one of an isolated atom. As a consequence, the transition probability for the decay of the excited state of the atom in presence of polariton squeezing is smaller than the one found for the isolated atom, but larger than the one obtained in absence of polaritonic squeezing. This result may be tested experimentally by comparing the relaxation rate of an excited atom embedded in a polaritonic medium with the one obtained for an isolated atom.
The results of Fig. 1 allow us to give a qualitative indication of how engineering of the ground state of the hybrid system consisting of the two-level atom plus polaritonic medium can be realized. It consists in a judicious choice of the material in which the atom or impurity is embedded and of the frequency region in which the system has to be operative. We notice that larger values of polariton squeezing and of the polariton correction to the transition probability may be obtained when choosing a host material exhibiting ultrastrong coupling 12 . We don't enter into the details of the dynamics of a two level atom embedded in a polariton medium. We only notice that, as a consequence of the presence of a squeezed vacuum with a photonic content different from zero, it exists a stationary state of the system also in absence of an external excitation. In this situation, we expect the occupation of the excited atomic level , to be different from zero in the stationary state due to the interaction between the atomic levels and and the intrinsic photon field. From these considerations, it follows, that an indirect evidence of polariton squeezing may be obtained in the following configuration: We consider a three level atom embedded in a cavity. The levels and coincide with the ones of the two-level atom formerly considered and are coupled to the polariton field like in (5), while the transition between the level and the third level is coupled to a different cavity mode, which is strongly out of resonance with respect to the transition . Assuming that the atom-polariton system is in the stationary regime, we inject into the supplementary mode an external pump field. In presence of a small occupation of level , we should observe some absorption in the pump field. The Hamiltonian describing this configuration is
The interaction-free part (7) consists of the polariton Hamiltonian (2) to which we add the Hamiltonian of a three-level atom. The energies of the levels are expressed through the transition frequencies while the non-polaritonic cavity mode is described by the amplitude operators and by the frequency . The interaction Hamiltonian (8) consists of three terms: the first term describes the coupling of the levels the polariton field through (3), while the transition is coupled to an external field mode as well as to the non-polaritonic field mode described by the operators . Furthermore, we have introduced a coupling of the transition to an external classical time-dependent pump field defined as where is a real function. In writing (7) and (8) we have performed the usual unitary transformation into a reference frame rotating with the pump frequency . Finally, the level has been assumed as reference level. We discuss the effects of the polariton-atom interaction on the dynamics of the hybrid system working with the Hamiltonians (7) and (8) in a Master Equation approach. In order to derive the master equation including losses, we add to (2) a coupling of the field mode to a bosonic reservoir characterized by the operators and having the form
The derivation of the Master Equation, describing in the polariton picture the dynamics of the system including the losses of the field mode, requires some care. In fact in the polaritonic strong coupling regime considered in this note, the strong excitation-photon interaction affects the expression of the Lindblad operators describing the losses [13] [14] [15] . Therefore, in the Appendix, we present a short derivation of the generalized Lindblad operator, which accounts for the effects of the strong exciton-photon interaction. The Master Equation including the relaxation term derived in the Appendix reads
The coefficients in (10c) and (10f) are the relaxation rates of the polaritons and of the supplementary photon mode respectively and are calculated at the polariton frequencies (see Appendix). Notice that the relaxation rates of phonons or excitons have been assumed to be much shorter than any relaxation rate and have been neglected. When analyzing the Lindblad term in (10b) as expressed in the Appendix, we notice that it contains besides the usual relaxation terms, cross terms between the two polariton operators and their Hermitian conjugates as well as terms containing creation or annihilation operators only. These last terms introduce a phase in the time evolution of the system. Starting from (10), we can describe the dynamics of the whole system of levels and fields, our aim is to discuss the following situation. Suppose that in a first step the pump is absent. This situation is realized when the initially the system is in the ground state. In this case, inside the cavity the interaction between the polaritons and the transition leads to a stationary state characterized by a small fraction of photons and by a small occupation of the level while both the level and the mode A 3 are empty. In Fig. 2 , we present both the long time evolution of the fraction of photons and the occupation of level showing that indeed a stationary state is obtained for a long enough time. We notice, that in Fig. 2 , the stationary photon content is achieved and it is expressed by (4) as expected. We than inject into this stationary system the pump acting on the mode A 3 and look for the occupation of the level In order to describe this situation we separate the calculations into two parts: We first solve the master equation (10) for the whole system without pump i.e. and we chose the ground state of the system thus obtained as the initial state. In a second step we inject into this stationary system a pump coupled to the mode A 3 and discuss the evolution induced by the pump in the stationary system. To this end we need only to consider the evolution described by the master equation with In the our calculations we have chosen a pump pulse having the form of a Gaussian function Here c 0 is the amplitude of the pump field. We expect that the pump intensity absorbed during excitation shall be re-emitted as a pulse. This behavior is presented in Fig. 3 . Schematically, Fig. 3 tells us that during the time evolution, the emission from the transition starts as soon as the maximum of the incoming Gaussian pulse is reached. The delay between the beginning of the action of the pump pulse on the transition and the starting of the emitted pulse is understood in terms of absorption. The incoming pulse needs to be absorbed before the emission can take place. The absorption process takes place because a small occupation is present in level as a consequence of polariton squeezing as shown in Fig.2 . This behavior is confirmed by looking at the time evolution of the occupation of levels , which is presented in Fig. 4 . After the maximum of the absorption is attained, the time dependence of the two levels is interchanged. Comparing the behavior of the occupation to the one of the emission in Fig. 3 , we notice that the emission starts becoming relevant before the maximum of the occupation of the level is achieved. Since the occupation of level cannot be measured outside the polaritonic material, we have to extract the indirect information on polariton squeezing from the interaction of the transition with the external pump. From the results in Fig.3 , we know that an absorption process is taking place between the levels and . Therefore, indirect evidence of intrinsic polariton squeezing may be achieved by measuring the absorption in the transition in the proposed configuration.
As stated at the beginning of the paper, the goal of our investigation was answering the following question: How does the presence of intrinsic squeezing in the polaritonic medium influence the emission characteristics of the atom plus polaritons system. We have shown that, in presence of intrinsic squeezing the transition probability for the embedded atom becomes smaller than the one of the isolated atom and depends on the magnitude of the intrinsic squeezing and on the material parameters. For the choice of polaritonic materials presented above, the corrections are small but they may become more relevant when choosing materials with larger photon-excitation coupling. A second indirect evidence of polariton squeezing can be found in the following configuration: due to the interaction between the polaritons and the atomic levels, in the stationary state there is a small occupation probability for the excited atomic state (level ). We add to our model a third level (level ), which is energetically distant from the polariton state and is coupled it to a corresponding cavity mode. We inject a pump pulse into this new mode and show that absorption between the levels and takes place as a consequence of the fact that level is not empty. Both the modifications in the transition probability and the photon absorption in the transition could be tested experimentally.
where is the density of states of the reservoir. By applying this result consequently in the development of the double commutator we obtain where and are given by (3) . Finally inserting the definition we rewrite (A7) as which is Eq. (10b).
